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Abstract
A recent preprint by Wang and Unruh [arXiv:1911.06110] contains a
number of criticisms of my paper, “Hiding the cosmological constant”
[Phys. Rev. Lett. 123 (2019) 131302, arXiv:1809.08277]. While Wang
and Unruh suggest an interesting alternative scenario and raise an
important conceptual question, most of their criticisms are incorrect,
in part because of misunderstandings about averaging and about the
nature of the “foamy” spacetimes considered in my paper.
∗email: carlip@physics.ucdavis.edu
In Ref. [1], I proposed a new approach to the cosmological constant problem, suggesting that perhaps
the Universe really does have a large cosmological constant, but one that is effectively hidden by Planck
scale fluctuations of geometry and topology, Wheeler’s “spacetime foam” [2]. Since we observe the
Universe at lengths much larger than the Planck length, such a scenario necessarily involves averaging.
As a simple example, I considered volume averaging on a spatial slice,
〈X〉U = 1
VU
∫
U
X
√
g d3x with VU =
∫
U
√
g d3x , (1)
where the region U is defined in some time-independent way. I argued that for a very large set of
“foamy” initial data, the average 〈K〉 of the trace of the extrinsic curvature was zero, and that a
time-slicing could be chosen for which 〈K〉 remained zero, at least for short times, on constant time
hypersurfaces.
As part of the analysis, I used the fact that
d
dt
〈K〉 = 1
VU
∫
U
N
(
Λ+
2
3
K2 − 2σ2
)√
g d3x , (2)
where σ2 = 1
2
σijσij is the square of the shear.
∗ Since the sign of the integrand in (2) is indefinite, there
exists a choice of positive lapse function for which the integral vanishes. I argued that the same was
true for higher derivatives, implying the existence, at least in a neighborhood of the initial slice, of a
foliation in which 〈K〉 = 0 on each time slice.
In version 1 of Ref. [4], Wang and Unruh mistakenly claimed that eqn. (2) was wrong. They have
corrected this error, but continue to argue the time derivatives in (2) should be changed to proper time
derivatives
d
dτ
=
1
N
d
dt
.
If one were interested in the behavior at a single point, this might make sense. Averaged, such a
calculation would perhaps tell us about the rate of change of the expansion as seen by a particular
choice of “average observer.” These are interesting questions, but they are not the questions discussed
in Ref. [1]. Rather, Ref. [1] asked the following: if 〈K〉 = 0 on an initial slice, is there any foliation in
which 〈K〉 remains zero on future slices? This is a question about derivatives of an average, not the
average of derivatives. Differentiation and averaging do not commute,
1
N
d〈X〉
dt
6=
〈
1
N
dX
dt
〉
, (3)
and if N varies rapidly, the difference can be quite large.
Ref. [4] claims that this question—does there exist a foliation?—is not physical, because “a choice
of lapse corresponds to a choice of coordinates, and no physics can depend purely on the choice of
coordinates.” This is, of course, incorrect. When we ask whether the Universe is homogeneous, we are
asking about the existence of a foliation that has certain properties. If we start with a homogeneous
spatial slice, future slices will only be homogeneous with certain choices of the lapse. If we ask whether
the Hubble constant is really spatially constant, this is again a question about the existence of a
foliation; indeed, it is almost the same as the question asked in Ref. [1]. Of course it would be nice to
have a manifestly coordinate-independent phrasing of such questions. But regardless of the phrasing,
the existence or nonexistence of foliations with certain properties is a physical statement.
∗This is not, of course, new; it appeared, for instance, in [3] twenty years ago.
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Wang and Unruh further contend that Planck scale fluctuations cannot hide a positive cosmological
constant. To do so, they appeal to the geodesic deviation equation, which they say shows that “arbitrary
free falling observers and arbitrary nearby free falling test particles” necessarily diverge exponentially.
Their argument relies on a linear approximation, however: while the geodesic deviation equation is
exact, both the inertial frame used in [4] and the interpretation of the deviation vector as a distance
are only valid infinitesimally. One can learn more by looking at the Raychaudhuri equation, which
described the behavior of a whole “pencil” of geodesics. For a congruence of timelike geodesics, this
takes the form [5]
dθ
dτ
= −1
3
θ2 − σabσab + ωabωab + Λ , (4)
where θ, σab, and ωab are the expansion, shear, and vorticity of the congruence. Here the expansion has
a clear physical meaning: it is the fractional rate of change of volume, with respect to proper time, of
the region filled by the geodesics. If θ = 0, the pencil of geodesics can twist and shear, but the volume
it comprises remains constant.
Just as in (2), a positive cosmological constant causes geodesics to diverge, but the divergence can
be counteracted by shear. This is a kind of local version of the results of [6], where it was shown that
a cosmological constant in a homogeneous Bianchi IX universe tends to lead to exponential expansion,
but only if Λ is large compared to spatial curvature terms. In a somewhat different context, the shear
term in (4) can be interpreted physically as a gravitational wave energy density [7]; the Raychaudhuri
equation may be read as a statement that the contraction caused by such energy can compensate for
the expansion caused by Λ.
Note in particular that the spacetimes considered in [1] contain large numbers of marginally outer
trapped surfaces (MOTS) [8]. Indeed, if the “foamy” features occur at the Planck scale, such MOTS
occur at Planck density. The resulting trapped regions are essentially interiors of black holes,† in which
even null geodesics necessarily converge, so geodesic balls certainly do not expand exponentially.
There are, in fact, a few rigorous results in the literature on the asymptotic behavior of inhomoge-
neous vacuum spacetimes with a positive cosmological constant [9–11]. But these all require a Cauchy
surface that either has constant mean curvature (K = const.) or is “everywhere expanding” (K > 0
everywhere). The spacetimes considered in [1] do not satisfy the first condition, and it seems highly
unlikely that they satisfy the second. The question of the generality of asymptotically de Sitter behav-
ior is certainly an important one, but an answer will take a good deal more than an approximate local
solution of the geodesic deviation equation.
Having cleared the underbrush, we can now turn to the substantive issue raised in Ref. [4]: whether
〈K〉 = 0 necessarily implies that the cosmological constant is hidden. Using the example of the
static patch of de Sitter space, Wang and Unruh argue that it does not. This is an important but
difficult subject, intertwined with the notorious “problem of time” and questions how to define averaged
observers and to convert coordinate-dependent results into invariant statements.
To start with, Wang and Unruh propose a criterion that
〈
DiN
N
〉
= 0 , (5)
which, they argue, means that the relevant observers at constant xi are not, on the average, accelerating.
For a single geodesic with vanishing initial spatial velocity and a fixed time-slicing, this is indeed the
condition that the spatial velocity remain zero [12]. There are, as always, delicacies in averaging—if a
†Technical results regarding black holes require additional assumptions about the behavior of null infinity that may not
hold here, but the qualitative features are the same.
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fluctuation makes the velocity momentarily nonzero at some point, the effect is nonlinear—but (5) is
at least a reasonable first-order condition.
Although it was not discussed explicitly in Ref. [1], the lapse functions considered there almost
certainly obey this condition. At the initial surface, the lapse N is to be chosen to make the right-hand
side of (2) vanish. But by construction, the initial data are chosen in such a way that K2 and σ2
have rapid and essentially random spatial variations. There is no way for such a structure to have a
preferred direction; if in one Planck-sized region DiN points in a particular direction, there will be a
nearby region in which it points in the opposite direction.
This is not yet the whole story, though. The basic construction in [1] depends on an arbitrary
initial slice, and even with the requirement 〈K〉 = 0, condition (5) is not enough to pick out a unique
lapse function. It may be that the full answer requires a more fundamentally quantum treatment—it
was speculated in [1] that the “foamy” structure of the initial slice might reproduce itself in time—but
we can try to go further classically.
The basic problem is a long-standing one: how to choose a time-slicing that has a clear physical
significance, so that statements about time dependence have an unambiguous meaning. For a spacetime
with a Killing or conformal Killing vector, that vector determines a choice of time. For a homogeneous
spacetime, the hypersurfaces of homogeneity define a time-slicing. But for a highly inhomogeneous
spacetime with no symmetries, the problem is much harder.
In mathematical relativity, there are two standard choices of time-slicing: maximal slicing, in
which K (often written as “TrK”) is zero, and York time, K = −t. For a static spacetime, Killing
time gives a maximal slicing; for an FLRW cosmology, York time gives the same foliation as the
standard cosmological time. For the spacetimes considered in [1], neither of these choices is available:
the construction typically excludes even a single hypersurface of constant K. The proposal of [1] is
essentially to use the next best thing, averaged maximal slicing, 〈K〉 = 0. If, as suggested in [13],
higher order calculations give a small residual cosmological constant, perhaps we will be able to define
averaged York time.
Ultimately, though, we need to connect the predictions of these models to honest physical observ-
ables. Were it not for the need to average, this might not be too hard. For instance, for a null geodesic
with affine parameter λ, wave vector kµ, and frequency k0 = ω, it may be checked that
d
dλ
(Nω) = −(ki∂iN)ω +Kijkikj , (6)
so if 〈DiN〉 and 〈Kij〉 both vanish, the proper frequency receives no red shift. The problem, though,
is that we do not observe red shifts at the Planck scale; we need to analyze quantities like average
frequencies for light waves with wavelengths much larger than the inhomogeneities in the geometry.
Similarly, we might try to model physical clocks to see what a choice of their synchronization means,
but this again requires averaging over regions much larger than the inhomogeneities.
None of this means that the specific proposal in Ref. [4] for hiding a negative cosmological constant
is necessarily wrong. It does make it clear, though, that a more careful treatment of averaging is
needed. A related analysis, albeit in a different context, has been carried out in [3], and a result quite
similar to eqn. (24) of Ref. [4] appears there, but with closer attention to averaging. Perhaps this
might be useful. In addition, adjacent Planck-scale oscillating regions of [4] must somehow be joined
together to form a single manifold. The only way I know of to “glue” such regions without introducing
domain walls is to employ the construction of Chrusciel et al. [14, 15] used in Ref. [1]. But as noted
above, this gluing leads to additional trapped regions and singularities [8], which may compete with
the cosmological singularities that play an essential role in the proposal of [4]. Again, more careful
analysis is needed.
3
References
[1] S. Carlip, “Hiding the cosmological constant,” Phys. Rev. Lett. 123 (2019) 131302,
arXiv:1809.08277.
[2] J. A. Wheeler, “Geons,” Phys. Rev. 97 (1955) 511.
[3] T. Buchert, “On average properties of inhomogeneous fluids in general relativity I: dust cosmolo-
gies,” Gen. Rel. Grav. 32 (2000) 105, arXiv:gr-qc/9906015.
[4] Q. Wang and W. G. Unruh, “How the cosmological constant is hidden by Planck scale curvature
fluctuations,” arXiv:1911.06110.
[5] R. M. Wald, General Relativity (University of Chicago Press, 1984), section 9.2.
[6] R. M. Wald, “Asymptotic behavior of homogeneous cosmological models in the presence of a
positive cosmological constant,” Phys. Rev. D28 (1983) 2118.
[7] A. Ashtekar and B. Krishnan, “Dynamical Horizons and their Properties,” Phys. Rev. D68 (2003)
104030, arXiv:gr-qc/0308033.
[8] M. Burkhart and D. Pollack, “Causal geodesic incompleteness of spacetimes arising from IMP
gluing,” Gen. Rel. Grav. 51 (2019) 139 , arXiv:1907.00295.
[9] M. Kleban and L. Senatore, “Inhomogeneous Anisotropic Cosmology,” JCAP 1610 (2016) 022,
arXiv:1602.03520.
[10] M. Mirbabayi, “Topology of Cosmological Black Holes,” arXiv:1810.01431.
[11] V. Moncrief and P. Mondal, “Could the Universe have an Exotic Topology?” arXiv:1903.00323.
[12] F. H. Vincent, E. Gourgoulhon, and J. Novak, “3+1 geodesic equation and images in numerical
spacetimes,” Class. Quantum Grav. 29 (2012) 245005, arXiv:1208.3927.
[13] S. S. Cree, T. M. Davis, T. C. Ralph, Q. Wang, Z. Zhu, and W. G. Unruh , “Can the fluctuations
of the quantum vacuum solve the cosmological constant problem?” Phys. Rev. D98 (2018) 063506,
arXiv:1805.12293.
[14] P. T. Chrusciel, J. Isenberg, and D. Pollack, “Gluing initial data sets for general relativity,” Phys.
Rev. Lett. 93 (2004) 081101, arXiv:gr-qc/0409047.
[15] P. T. Chrusciel, J. Isenberg, and D. Pollack, “Initial data engineering,” Commun. Math. Phys.
257 (2005) 29, arXiv:gr-qc/0403066.
4
